Abstract. In this paper we give an extension of the Cartier-Gabriel-Kostant structure theorem to Hopf algebroids.
Introduction
For any Hopf algebra A, one can consider the associated twisted tensor product Hopf algebra Γ ⋉ U (g), where Γ is the group of grouplike elements of A and U (g) denotes the universal enveloping algebra of the Lie algebra g of primitive elements of A. The classical Cartier-Gabriel-Kostant structure theorem characterizes the Hopf algebras which are isomorphic to their associated twisted tensor product Hopf algebras. In this paper we give an extension of this theorem to Hopf algebroids.
A Hopf R-algebroid is a R/k-bialgebra [23, 24, 27] , equipped with a bijective antipode. More recently, structures of this type have been studied in [1, 2, 4, 11, 13, 16, 28] . Most notably, Hopf algebroids naturally appear as the convolution algebras ofétale Lie groupoids [20, 21] : for anétale Lie groupoid G over a manifold M , the convolution algebra C ∞ c (G) of smooth real functions with compact support on G is a C ∞ c (M )/R-bialgebra with the antipode induced by the inverse map in the groupoid. In fact, for any Hopf C ∞ c (M )-algebroid A, the antipode-invariant weakly grouplike elements of A can be used to construct the associated spectralétale Lie groupoid G sp (A) over M [21] . Furthermore, the universal enveloping algebra U (C ∞ (M ), L) of a (R, C ∞ (M ))-Lie algebra L is a C ∞ (M )/R-bialgebra. If b is the Lie algebroid, associated to a bundle of Lie groups over M , then the universal enveloping algebra U (b) = U (C ∞ (M ), Γ ∞ (b)) of b [19] is a Hopf C ∞ (M )-algebroid and in fact a Hopf algebra over C ∞ (M ). For any Hopf C ∞ (M )-algebroid A, the space of primitive elements P(A) of A has a structure of a (R, C ∞ (M ))-Lie algebra. In this paper we show that if anétale Lie groupoid G over M acts on a bundle of Lie groups B over M , then G acts on the associated universal enveloping algebra U (b) of the Lie algebroid b and the associated twisted tensor product G ⋉ U (b) is a Hopf C 
Preliminaries
For the convenience of the reader and to fix the notations, we will first recall some basic definitions concerning Lie groupoids [14, 17, 18] and Hopf algebroids [3, 20, 21] . A Lie groupoid over a smooth (Hausdorff) manifold M is a groupoid G with objects M , equipped with a structure of a smooth, not-necessarily Hausdorff, manifold such that all the structure maps of G are smooth, while the source and the target maps s, t : G → M are submersions with Hausdorff fibers. We write G(x, y) = s −1 (x) ∩ t −1 (y) for the manifold of arrows from x ∈ M to y ∈ M , and G x = G(x, x) for the isotropy Lie group at x. A Lie groupoid isétale if all its structure maps are local diffeomorphisms. A bisection of anétale Lie groupoid G is an open subset V of G such that both s| V and t| V are injective. Any such bisection
The product of bisections V and W of G is the bisection V · W = {gh | g ∈ V, h ∈ W, s(g) = t(h)}, while the inverse of the bisection V is the bisection
A bundle of Lie groups B over M is a Lie groupoid over M for which the maps s and t coincide. An action of a Lie groupoid G over M on a bundle of Lie groups B over M is a smooth action of G on B along the map B → M such that for any g ∈ G(x, y) the map B x → B y , b → g · b, is an isomorphism of Lie groups. A G-bundle of Lie groups over M is a bundle of Lie groups over M equipped with an action of G. For such a G-bundle of Lie groups over M one defines the associated semidirect product Lie groupoid G ⋉ B over M [17] by virtually the same formulas as those for the semidirect product of groups. Analogously one defines G-bundles of finite dimensional algebras (Lie algebras, Hopf algebras) over M . We emphasize that these are required to be locally trivial only as vector bundles.
We next briefly review the definition of a Hopf algebroid. We refer the reader to [10, 20, 21] for more details. Similar, but inequivalent notions have been studied in [1, 2, 4, 11, 13, 16, 27, 28] .
Let R be a commutative (associative, not necessarily unital) algebra over a field k. A Hopf R-algebroid is a k-algebra A such that R is a commutative, not necessarily central, subalgebra of A in which A has local units, equipped with a structure of a left R-coalgebra on A (with comultiplication ∆ and counit ǫ) and a k-linear involution S : A → A (antipode) such that (i) ǫ| R = id and ∆| R is the canonical embedding R ⊂ A ⊗ ll R A, (ii) ∆(A) ⊂ A⊗ R A, where A⊗ R A is the algebra consisting of those elements of A ⊗ R A on which both right R-actions coincide, (iii) ǫ(ab) = ǫ(aǫ(b)) and ∆(ab) = ∆(a)∆(b) for any a, b ∈ A, (iv) S| R = id and S(ab) = S(b)S(a) for any a, b ∈ A,
A homomorphism of Hopf R-algebroids is defined in the obvious way.
The anchor of a Hopf R-algebroid is the homomorphism of algebras ρ : A → End k (R), given by ρ(a)(r) = ǫ(ar) for a ∈ A and r ∈ R. In general, an element a ∈ A is primitive if ∆(a) = η ⊗ a + a ⊗ η for some η ∈ A such that ηa = aη = a. If A is unital, this definition is equivalent with the usual one. We denote by P(A) the left R-module of primitive elements of A. It follows immediately that ǫ(P(A)) = 0. Equipped with the restriction of the anchor and the natural Lie bracket, the left R-module P(A) becomes a (k, R)-Lie algebra [19, 26] . Its universal enveloping algebra is denoted by U (R, P(A)).
In this paper, we will mostly focus to the case where R is the algebra C ∞ c (M ) of smooth real functions with compact support on a smooth manifold M . We will write C ∞ (M ) x for the algebra of germs at a point x of smooth functions on M . Recall that the maximal ideals of C ∞ c (M ) correspond bijectively to the points of M : to any x ∈ M we assign the ideal I x of functions which vanish at x. The localization of a locally unital C ∞ c (M )-module (algebra, coalgebra) M at I x is a C ∞ (M ) x -module (algebra, coalgebra), which will be denoted by M x . Note that Let A be a Hopf C ∞ c (M )-algebroid. An element a ∈ A is S-invariant weakly grouplike if there exists a ′ ∈ A such that ∆(a) = a ⊗ a ′ and ∆(S(a)) = S(a ′ ) ⊗ S(a) (this implies ∆(S(a)) = S(a) ⊗ S(a ′ )). We denote by G S w (A) the set of S-invariant weakly grouplike elements of A. An element a ∈ G S w (A) is normalized at y ∈ M if ǫ(a) y = 1, and normalized on U ⊂ M if it is normalized at each y ∈ U . Element of the type a y ∈ A y , where a ∈ G S w (A) is normalized at y, is called an arrow of A at y. The arrows of A at y form a subset G S (A y ) of the set G(A y ) of grouplike elements of the C ∞ (M ) y -coalgebra A y . The union of all arrows of A has a natural structure of anétale Lie groupoid over M [21] . This groupoid is referred to as the spectralétale Lie groupoid associated to A, and denoted by
Convolution Hopf algebroids
Let G be anétale Lie groupoid over M and let A be a G-bundle of finitedimensional unital algebras over R. We equip the space Γ ∞ c (t * A) with an associative convolution product, given by the formula
. While only valid for Hausdorff groupoids, the above formula naturally extends to the non-Hausdorff case if we use the definition of the space of sections with compact support of a vector bundle from [7] . The corresponding algebra, called the convolution algebra of G with coefficients in A, will be denoted by C ∞ c (G; A) . In particular, if A is a finite dimensional unital algebra, then we have the convolution algebra C 
is a function equal to 1 on a neighbourhood of the support of a, we can express a as the product a 0 a ′ (we say that such a decomposition a 0 a ′ is standard decomposition of a). The bisection V induces an isomorphism of bundles of algebras (µ V , τ V ) :
be another function with support in a bisection of G, say W , and with a standard decomposition b 0 b ′ . Observe that
can be therefore expressed as a combination of the multiplication in C ∞ (M ; A) and the action of G on A. Since the algebra C
can be expressed as a scalar multiplication along the fibers of the map t. We will often use the isomorphism [9] . Under this isomorphism, the function a corresponds to the tensor a 0 ⊗ a ′ , while the equation (1) translates to
3.1. The twisted tensor product Hopf algebroid. Let H be a G-bundle of finite dimensional Hopf algebras (with involutive antipodes). The space C ∞ (M ; H) is a Hopf algebra over C ∞ (M ). Write ∆ 0 , ǫ 0 and S 0 for the comultiplication, the counit and the antipode of
, which we identify with C ∞ c (G; A) by (2), naturally becomes a coalgebra over C ∞ c (M ). The coalgebra structure is given by
for any function a ∈ C ∞ c (G; A) with support in a bisection V and with standard decomposition a 0 a ′ , where
0 and a
where S G is the antipode on C ∞ c (G). With respect to the isomorphism (2), we can express S also in the form S(a)(g) = g ·S H (a(g −1 )), where S H denotes the antipode on H. 
Note that both
The Hopf algebroid C ∞ c (G; H) will be referred to as the twisted tensor product of G and C ∞ (M ; H), and denoted by
This is in particular motivated by the following example:
The convolution Hopf algebra of an action of a discrete group Γ on a Hopf algebra H is isomorphic to the twisted tensor product Hopf algebra Γ ⋉ H.
Our definition of a Hopf algebroid roughly corresponds to the notion of a left Hopf algebroid with antipode in [3, 4, 12] . However, in the unital case where M is compact, the structure of G ⋉ C ∞ (M ; H) satisfies axioms of a Hopf algebroid given in [3, 4, 12] . Denote by b the bundle of Lie algebras associated to B. The universal enveloping algebra U (b) of the Lie algebroid b over M is not only a C ∞ (M )/R-bialgebra [19] , but also a Hopf C ∞ (M )-algebroid and in fact a Hopf algebra over C ∞ (M ). To each Lie algebra b x , the fiber of b over a point x ∈ M , we naturally assign its universal enveloping algebra U (b x ), together with its natural filtration
The family of vector spaces
can be, for each k, equipped with a smooth vector bundle structure over M (by considering local trivializations obtained from PBW-theorem). Define a family of (infinite dimensional) vector spaces over M
with fiber over x being the Hopf algebra U (b x ). The space of smooth sections of U(b) is defined as
The structure maps on the fibers of U(b) extend to the structure maps on the space C ∞ (M ; U(b)) and turn C ∞ (M ; U(b)) into a Hopf algebra over C ∞ (M ). Note that there is a natural isomorphism U (b) ∼ = C ∞ (M ; U(b)) of Hopf algebras over C ∞ (M ). Since the groupoid G acts on B, the bundle b is in fact a G-bundle of Lie algebras. The action of G on b extends to an action on the family of Hopf algebras U(b): any arrow g ∈ G(x, y) induces an isomorphism of Hopf algebras U (b x ) → U (b y ), which, in particular, preserves the natural filtration. We define
Again, we have a natural isomorphism of left
(1) Let G ⋉ B be a semidirect product of a discrete group G and a connected Lie group B. The associated Hopf algebroid is in this case isomorphic to the twisted tensor product Hopf algebra G ⋉ U (b). We consider the Hopf algebra G⋉ U (b) associated to the semidirect product G⋉ B as a geometrically constructed Hopf algebra which generalizes both the group algebras and the universal enveloping algebras. The Hopf algebroid G ⋉ U (b) of a semidirect product G ⋉ B can be naturally represented by a certain class of partial differential operators on the groupoid G⋉B. Note first that the Lie algebroid associated to G ⋉ B is in fact equal to the Lie algebroid b of B since G isétale. We can therefore consider elements of Γ ∞ c (b) as right invariant vector fields on G ⋉ B [17, 25] . In the same manner, we assign to
Such a vector field is B-invariant by construction and completely determined by its values on the subgroupoid G of G ⋉ B. The support of the vector field X a is in general not compact, if the fibers of B are not compact. However, it makes sense to define the support of a B-invariant vector field on G ⋉ B as a subset of G and not of the whole G ⋉ B. In this way, the vector field X a has a compact support. By generalizing the above construction, an arbitrary element of G ⋉ U (b) thus corresponds to a B-invariant partial differential operator on G ⋉ B with compact support. 
as the space of B-invariant partial differential operators on G ⋉ B with compact support and with convolution product.
The structure of Hopf algebroids
The aim of this section is to characterize the convolution Hopf algebroids of semidirect products ofétale Lie groupoids and of bundles of Lie groups.
The algebra D(A).
We start by exploring some properties of the space P(A) of primitive elements of a Hopf R-algebroid A and its relation to the base algebra R and the antipode S. The well known identity S(X) = −X for X ∈ P(A) does not hold for general Hopf algebroids. Concrete counter-examples, with geometric origin, have been constructed and described in [12] . In our case, however, we will be mostly interested in those Hopf algebroids for which the space of primitive elements is S-invariant. Some of the properties of such algebroids are described in the following propositions. (i) S(P(A)) = P(A).
(
ii) S(P(A)) ⊆ P(A).
(iii) For every X ∈ P(A) we have S(X) = −X.
Proof. The implications (i)⇒(ii) and (iii)⇒(i) are immediate. Suppose now that S(P(A)) ⊆ P(A).
To show (iii), we use the equality µ A • (S ⊗ id) • ∆ = ǫ • S on an element X ∈ P(A) and obtain
S(X) + X = ǫ(S(X)) .
Since P(A) is S-invariant, we have S(X) ∈ P(A), which implies ǫ(S(X)) = 0.
Proposition 4.2. Let A be a Hopf R-algebroid. The following statements are equivalent: (i) Elements of P(A) commute with elements of R.
(ii) The space P(A) is a right R-submodule of A.
(iii) The (k, R)-Lie algebra P(A) has trivial anchor.
Proof. (i)⇒(ii) P(A)
is always a left R-submodule of A, hence in this case it is also a right R-submodule.
(ii)⇒(iii) Take any r ∈ R and any X ∈ P(A). From Xr ∈ P(A) it follows ǫ(Xr) = 0 and therefore ρ(X)(r) = ǫ(Xr) = 0.
(iii)⇒(i) Take any r ∈ R, any X ∈ P(A) and let η ∈ R be a local unit for both r and X. Then
By applying the map id ⊗ ǫ on both sides we obtain
If the anchor is trivial, we therefore have rX = Xr.
The space of primitive elements P(A) is in general not a Lie algebra over R. This is true, however, if the anchor of P(A) is trivial, as follows from Proposition 4.2. Proposition 4.3. Let A be a Hopf R-algebroid. If P(A) is S-invariant, then the (k, R)-Lie algebra P(A) has trivial anchor.
Proof. Choose any r ∈ R and any X ∈ P(A). We have to show Xr ∈ P(A). First note that Xr = S(S(Xr)) = S(rS(X)) .
Since P(A) is S-invariant and a left R-module, we get S(rS(X)) ∈ P(A).
We will assume from now on that M is a Hausdorff manifold and that A is a Hopf C [21] , where it was used to define the spectralétale Lie groupoid associated to A. Note that the anchor ρ(a) corresponds to the operator T S(a) (see [21] ) given by
for any f ∈ C ∞ c (M ). Alternatively, one can equivalently define ρ(a)(f ) = af S(a ′ ), where a ′ is any element of A such that ∆(a) = a ⊗ a ′ and ∆(S(a)) = S(a ′ ) ⊗ S(a). By using this definition, the operator ρ(a) can be extended to the whole A.
We say that a pair of elements a, a ′ ∈ G 
for any b ∈ A. Its restriction to C (
Proof. (i) This follows from the equality T a,a ′ (f ) = ǫ(af ), which holds for any f ∈ C ∞ c (M ).
(ii) Let c be a witness for the good pair a, a ′ . By definition, there exists an open subset U of M such that c is normalized on U and ǫ(a), ǫ(a
. Choose any X ∈ P(A) and let η ∈ C ∞ c (M ) be a local unit for X, T a,a ′ (X), c, f and f ′ . It follows that
The second term in the last line is equal to η ⊗ T a,a ′ (X). We need to see that the first term in the last line equals T a,a ′ (X) ⊗ η. Indeed, we have
From the fact that ρ(X) is a derivation on C ∞ c (M ) and from the equality f f
′′ of the support of f ′ , and put a ′′ = f ′′ c. Note that a ′′ is another witness for the good pair a, a ′ and that both a, a ′′ and a ′ , a ′′ are good pairs with witness c. Write
The vector space D(A) is generated by elements of the form X 1 X 2 . . . X k φ, where X i ∈ P(A) and φ ∈ C ∞ c (M ). It is therefore enough to show that T a,a ′ maps all such elements into D(A).
We will prove this by induction on k. For k = 0 this is true by (i). Now
We only have to show that, under this induction hypothesis, we
The result now follows by (i) and the induction hypothesis.
In general, T a,a ′ is not a multiplicative map. For our purposes, it will suffice that T a,a ′ is in a certain sense locally multiplicative.
For any C 
In particular, the restriction of T a,a ′ to D(A)| VW,a depends only on W and a, and not on the choice of a ′ . We will therefore denote this restriction by T W,a . Proof. (i) This part was proven in [21] and is in fact the definition of τ W,a .
(iii) First we show that
Next, we show that the restriction of T W,a to D(A)| VW,a is multiplicative. The function S(a ′ )a ∈ C ∞ c (M ) equals to 1 on V W,a , thus it acts as a two-sided unit on
By replacing a with S(a) in the above arguments we see that T VW,a,S(a) restricts to a homomorphism of algebras
The function S(a)a ′ ∈ C P(A) )) ∼ = P(A). Its fiber over x ∈ M is given by
with the Lie bracket induced from the one on P(A). The universal enveloping algebra U (b(P(A))) is a Hopf C ∞ (M )-algebroid and a Hopf algebra over Proof. The image of the natural homomorphism ν : U c (b(P(A))) → A equals D(A) by definition, so we only need to show that ν is injective. For this, it is sufficient to prove that ν is locally injective. Choose any x ∈ M . Since P(A) x is a free C ∞ (M ) xmodule, it follows from PBW-theorem that P(U (C ∞ c (M ), P(A)) x ) = P(A) x , which proves that ν x | P(A)x is injective. As it is well known, this implies that ν x is injective.
Next, we will use the operators T W,a to define an action of the spectralétale groupoid G sp (A) on b(P(A)). Let a ∈ G 
Explicitly, for any g ∈ G sp (A)(x, y) and any p ∈ b(P(A)) x we have
where a is a good element of G Proof. Any g ∈ G sp (x, y) acts as an isomorphism b(P(A)) x → b(P(A)) y of Lie algebras by Proposition 4.5.
Represent an arrow 1 x ∈ G sp (A) by a smooth function f ∈ C ∞ c (M ) with f x = 1. Choose a neighbourhood W of y such that f is normalized on W . For any p ∈ b(P(A)) x , represented by D ∈ P(A)| W , we obtain 1 x · p = T W,f (D)(x) = (f DS(f ))(x) = (f Df )(x) = D(x) = p .
Let a, b ∈ G S w (A) be good, normalized on open subsets W a respectively W b of M , and let y ∈ W a and z ∈ W b be such that h = a y is an arrow from x to y and g = b z is an arrow from y to z. We can assume without loss of generality that V W b ,b = W a . The arrow gh = (ba) z is then represented by the element ba ∈ G S w (A), which is good and normalized on W b , and for any p ∈ b(P(A)) x , represented by D ∈ P(A)| VW a ,a , we have (gh) · p = (T W b ,ba (D))(z) = baDS(ba)(z) = b(aDS(a))S(b)(z) = g · (h · p) .
The bundle b(P(A)) of Lie algebras integrates to a bundle B sp (A) of simply connected Lie groups [8] . Moreover, by the Lie's second theorem for Lie algebroids [15, 17] , we can integrate the action of G sp (A) on b(P(A)) to an action of G sp (A) on B sp (A). The corresponding Lie groupoid G sp (A) ⋉ B sp (A) will be referred to as the spectral semidirect product Lie groupoid associated to A.
4.3.
Cartier-Gabriel-Kostant theorem for Hopf algebroids. The CartierGabriel-Kostant decomposition theorem describes the structure of Hopf algebras. It states that a Hopf algebra H is isomorphic, under some conditions, to the twisted tensor product H ∼ = G(H)⋉U (P (H)), where the group of grouplike elements G(H) naturally acts on the universal enveloping algebra U (P (H)) of P (H) by conjugation. For example, this is true if H is cocommutative and the base field is algebraically closed. To be able to similarly decompose a Hopf algebroid over C 
